the spectrum of h is positive-The most important hermitian Banach *-algebras are B*-algebras (that is Banach *-algebras in which \\a*a\\ = ||a|| is fulfilled for all a ) . For the basic facts concerning hermitian Banach *-algebras, we refer the reader to Pfik's paper [5] .
Let X and A be a vector space and an algebra, respectively. Suppose that X is a left A-module. A left A-module X will be called unitary if ex = x holds for all x € X .
. The Cauchy functional equation
The Cauchy functional equation, that is the functional equation f(.x+y) = f(x) + f(y) has been extensively studied (see [33, [6] and also [7 3 where further references can be found). In this section we present some results concerning the Cauchy functional equation on hermitian Banach *-algebras. We shall need the following. 
.
holds for all real numbers t . Let us prove that (2) we have
= 0 which proves (3). Now we intend to prove that
for all invertible hermitian elements h € A . We have
Hence f(ih) = -f(ih) which proves the relation (U).
From (U) it follows that
holds for a l l real numbers t • Let us prove that
is fulfilled for all hermitian h € A . Let therefore h € A be an arbitrary hermitian element and l e t t be such a real number that at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700002343
(te+h) e x i s t s . Then a c c o r d i n g t o (h) and (5) i t follows f(.ih) = f[i(te+h)) = 0 which proves the r e l a t i o n ( 6 )
. U s i n g ( 3 ) a n d ( 6 ) we obtain f(a) = f(h+ik) = f(h) + f(ik) = 0 for all a (. A which completes the proof of the theorem.
We shall need the result below in the next section. We conclude this section with the theorem below. The proof of the results above is similar to the proof of Theorem 1.3 and will therefore be omitted. Let us point out that a result concerning the Cauchy functional equation in hermitian Banach *-algebras can be found in our earlier paper [7] .
A-bilinear and A-quadratic forms
Let X and A be a vector space and a *-algebra, respectively. Kurepa [4] has proved that the answer to the above question is affirmative if A is the complex number field. His result can be considered as an extension of the well known result due to Jordan and von Neumann which characterizes pre-Hilbert spaces among a l l normed spaces. Vrbova [6] has obtained a simple proof of Kurepa's theorem. Using Theorem 1.3 and some ideas from [6] we prove the result below which generalizes Kurepa's result. 
B(x, y) = k{Q(x+y)-Q(x-y)) + jj-[Q(x+iy)-Q(x-iy)) is an A-bilinear form. For all x (. X the relation Q(x) = B(x, x)
holds.
Proof. Similarly, as in the proof of Kurepa's result (see [ 4 ] , [6] and also [7] ) one can prove that the function S( Let us prove that S( • , •) satisfies the following relations:
We have
kB(ix, y) = S(ix, y) + iS{ix, iy)
= S{x, -iy) + iS{x, y)
which proves (10). Furthermore, 
kB(x, iy) = S(x, iy) + iS(x, -y) = S{x, iy) -iS(x, y) = -i[s(x, y)+iS(x, iy)) = -hiB(x, y)
which proves (11).
We holds. From (13) and (ik) it follows that (7) holds and the proof of the theorem is complete.
Let us point out that the result above can be proved using the same approach and weaker assumption that the relation Q(ax) = aQ{x)a* is fulfilled only for normal invertible elements. It should be mentioned that 
